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Abstract

In this paper, we introduce a time varying GARCH (tvGARCH (p,¢)) model and
consider certain related inferential problems. A two-step local polynomial estimator for
the parameter functions of the tvGARCH (p, ¢) model is proposed. The asymptotic dis-
tribution of the suggested estimator depends on the unknown quantities. In order to
overcome this issue, a weighted bootstrapped estimator is suggested. We prove that the
asymptotic distribution of the bootstrapped estimator coincides with that of the actual
local polynomial estimator. The validity of the bootstrapped estimator is also estab-
lished empirically. Simulation results indicate that the bootstrapped estimator provides
a better approximation to normality than the actual estimator. We also suggest a test
statistic to test the constancy of the parameter functions of the tvGARCH (p, ¢) model.
The asymptotic distribution of the test statistic is derived. The bootstrapped estimator
facilitates in computation of the test statistic. The performance of the test is judged with

the help of a simulation study.
Mathematical Subject classification: 62M10, 62G05

Keywords: Local polynomial estimation, time-varying GARCH, volatility modeling, weighted
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1 Introduction

Modeling financial market volatility using the non-stationary models has received con-
siderable attention in the recent years in the wake of several financial crises and high
volatility due to frequent changes in the market. Justification towards the use of such
models can be found in Rohan and Ramanathan (2012a, 2012b), Cizek and Spokoiny
(2009), Fryzlewicz et al. (2008), Amado and Terasvirta (2008) Dahlhaus and Subba Rao
(2006) and Mikosch and Starica (2004) among others. Rohan and Ramanathan (2012a)
(RR hereafter) generalized the time varying ARCH (tvARCH) model of Dahlhaus and
Subba Rao (2006) to a time varying GARCH (tvGARCH) (1, 1) model, by allowing the
parameters of a stationary GARCH model of Bollerslev (1986) to change slowly with
time. They also discussed a two-step local polynomial estimation procedure for the esti-
mation of the parameter functions of the model. The superiority of the tvGARCH (1,1)
over several other volatility models has been established for various data sets in RR. In
this paper, we focus on the general tvGARCH (p, ¢) model, of which the tvGARCH (1, 1)
and tvARCH models of RR and Dahlhaus and Subba Rao (2006) are special cases.

Let {¢;} be a return process with E(e|F;_1) = 0 and E(e?|F;_1) = o2, where F;_;
denotes the sigma-field generated by the data up to time ¢t — 1. The tvGARCH (p,q)
model is defined as

€t = O,

2 _ L 2 O 2
of = ap (t) + Zl a; (t) e, + '21 B (t) o
1= Jj=

where {v;} is a sequence of real valued i.i.d. random variables and «g(-), a;(-) and
Bi(-),i=1,2...,p, j=1,2,...,q are certain non-negative deterministic functions.

As in the case of tvGARCH (1,1) model (RR), we rescale the domain of parameter
functions of the tvGARCH (p, ¢) model to facilitate the asymptotics. That is, given the

sample of size n, we refer to the following as a tvGARCH (p, q) process.

€ = O,
0% =ag (1) + il o (£) e, +ji1 B () o2, t=1,2....n. (1)

We suggest a two-step local polynomial estimator of the parameter functions of the
tvGARCH (p, ¢) model defined in (1) and investigate its asymptotic distributions. It
is found that their asymptotic distribution depends on the parameters of a stationary

GARCH process, which is unobservable. This limits the scope of asymptotic results. This
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stationary GARCH process is such that it locally approximates the tvGARCH process
(1) at specific time points. More details can be found in Section 2.1. Fryzlewicz et al.
(2008) suggested a residual bootstrap algorithm to tackle such problems in the case of the
tvARCH model. However, since the least squares as well as local polynomial estimators
of the parameter functions are not guaranteed to be non-negative, this method results
in some of the bootstrapped residual squares to be negative. To tackle this problem, we
propose a two-step weighted bootstrapped local polynomial estimator for the parameter
functions of the tvGARCH (p, ¢) process. A discussion on the weighted bootstrap and its
applications in bootstrapping linear estimators of the parameters of a stationary ARCH
model can be found in Chatterjee and Bose (2005) and Bose and Mukherjee (2009). It is
worth mentioning here that several bootstrap methods such as the Bayesian bootstrap,
deleted d-jackknives, classical paired bootstrap and bootstrap clone are the special cases
of the weighted bootstrap, see Praestgaard and Wellner (1993) and Chatterjee and Bose
(2005). Here, we prove that the distribution of the proposed bootstrap estimator of
parameter functions of the tvGARCH (p, ¢) model asymptotically coincides with that of
the actual local polynomial estimator. The validity of the bootstrapped estimator is also
investigated using a simulation study. Simulation results reveal that the bootstrapped
estimator provides a better approximation to normality than the actual local polynomial

estimator.

Various parametric as well as nonparametric tests have been proposed in the literature
for detecting structural breaks in the conditional variance dynamics of asset returns.
Often, these tests indicate multiple breaks in the volatility over longer period of time, see
for example Chu (1995), Andreou and Ghysels (2002), Amado and Terasvirta (2008) and
Chen and Hong (2009) among others. Recently, Chen and Hong (2009) constructed a test
for detecting changes in the parameters of GARCH models based on the Quasi maximum
likelihood (QML). However, QML has been a topic of criticism among researchers for it

tends to be shallow about minimum and hence not very reliable for small sample sizes, see

for example Shephard (1996), Bose and Mukherjee (2003) and Fryzlewicz et al. (2008).

We suggest a test statistic for testing the constancy of parameter functions of the
tvGARCH (p, ¢) model. The test is based on the supremum of the normalized deviations
of the estimated coefficient functions from the true coefficient functions of the tvGARCH

(p, q) model. The limiting distribution of the test statistic is derived. Confidence bands
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for the parameter functions of the tvGARCH (p, ¢) model are also developed. The pro-
posed bootstrap method facilitates in the easy computation of confidence bands and test
statistic. The method is illustrated with the help of simulated data.

The rest of the paper is organized as follows. In Section 2, we develop a bootstrapped
local polynomial estimator of the parameter functions of tvGARCH (p, ¢) model. Here,
we also prove the asymptotic normality of the proposed estimators. Section 3 deals with
the construction of confidence bands and tests of hypothesis in tvGARCH model. In

Section 4, we report the simulations studies. All the proofs are deferred to the Appendix.

2 Local polynomial estimation and bootstrapping

Consider a tvGARCH (1,1) model introduced by RR,

€t = 04U

2
of = oo (3)+a () +B8(7) ot ()
By recursive substitution, (2) may be written as

t—1 t .
ot = ah() + X oh(h)ety +of 118 (*=52). (3)

el = a0 (2) + 5o (52) f 8 (=522) o) = o (=52) ' 5 (52,

0 A
Here we take [] (%) = 1. Notice that the functions o (-) are geometrically decaying
i=1
as k — oo under the assumption A; (Section 2.1). Also, if o2 is finite with probability
t 4
one, then of HB(%) L 0ast — oo, n— 0.
i=1

Similarly, by recursive substitution for o7 ;in (1), we can write

ot = 1o (= )+zuk( )t (4)

where yu(-), k= 0,1,...,00 are certain functions of ag(-), a;(-) and 5;(-) ,i=1,2...,p,
j=1,2,...,q. Under the assumption A;, these functions are non-negative and geomet-
rically decaying. We carry out the estimation of the parameter functions of (1) in two
steps. First, we estimate the functions p(-),k = 0,1,..., P for a large P and obtain a

preliminary estimate of o with the help of the following tvARCH (P) model

e = po(3) + m (e .+ pp(R)ep + o (vf —1). (5)
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Here P is such that P = P,, — oo as n — oo. For the derivation of asymptotic properties
of the estimators of tvGARCH parameter functions, we require P, — oco. However, the
suffix n is dropped for notational simplicity. We assume that the parameter functions of
(1) possess bounded continuous derivatives upto order (d + 1). Given a kernel function
K(-), a local polynomial estimate of px(ug), ug € (0,1], treating o?(v? — 1) as error in

(5), is defined as
[ (u0) = €a 1)1 iy (XTI WiX) X[ WL Yy, k=0,1,...,P

where, X, = [Zpi1,...,Z,|", Z,=[U, ¢ Uy,...,e¢ U], t=1,2,...,n,

Ut = [17 (Ut - u0)7 trt (ut - UO)d]IX(d+1)7 Yl [6P+17 s Ei]T

)

Wi = diag(Kp, (up+1 — o), ..., Kp, (un —wo)), and Ky, (1) = (1/h1) K(-/h1).
Here and throughout the paper, u; = t/n, h; denotes the bandwidth of the initial step
estimator and ey, is a column vector of length m with 1 at the k position and 0
elsewhere. An initial estimate of o is obtained by,

P
52 = fio(u) + & fu(u)ét . (®

For the practical implementation, set €2 = 0, V ¢ < 0. Using this initial estimate of 62,
we obtain the estimates of the parameter functions of (1), which can also be written as

¢ =a ()+Zaz( )€tl+ZﬁJ(i) —Eﬂj( )67 —oiy) +oi(i —1).  (7)

J=

It is shown in Lemmas 1, 2 and 3 (Section 2.1) that for a particular choice of initial step
bandwidth hy = o(hs), E(67 ; — o} ;) is asymptotically negligible, where hy denotes the
bandwidth in the estimation of the parameter functions of (7). Now, under the (d + 1)
order continuous differentiability assumption of the parameter functions, the estimates

can be obtained as

dio(uo) = e;(pmﬂ)(dﬂ)(X;W2)T(2)_1X;V§/2¥27
al(uo) — ei(d+1)+17(p+q+1)(d+1)<X2 WQXQ)_ X2 WQYQ, 1= 1, 2, e ,p

4‘

Bi(10) = €1y asn 1, prarnyarn(Xe WoXo) ' Xo WoYs, j=1,2,....q

where, Xo = [Z3,41, .- ., Zg’n]T, r = max (p, q),

2 2
ZZ,t = [Ut,Gt_lUt,...,Et_pUt,O't 1Ut,.. O't qUt]



Wy = diag(Kp, (w41 — ), . .., Kny(un — up)), and Yo =[e2,,,...,e2]".

’n

In order to construct the bootstrapped local polynomial estimators for the parameter
functions of (1), first consider a sequence of exchangeable random variables {w;}?_;, inde-
pendent of {¢} . Define Wy, = diag(wpy1,...,w,). Then a preliminary bootstrapped

estimator of o7 is given by,
A2 N & 2
O = fipo(ur) + ;4:41 [ipr ()€

where ﬂBk(UO) = el;r(d+1)+17(P+1)(d+1) (XITW31W1X1)’1X1TW31W1Y1, k= 0,1,... ,P
is a bootstrapped local polynomial estimator of the tvARCH (P) model. Hence, the
bootstrapped estimators of the parameter functions of tvGARCH (p,q) model can be

written as
apo(ug) = eI(erqul)(dJrl)(X£2WBQW2XB2)_1X£2W32W2Y2>
api(uo) = elain it prarn@rn (X paWeWaX py) 7 X 0y W g WoY, and
B5i(u0) = €(iepyarnystprar ) (X 52 W p2WaX p2) ' X 5y, W WY .

=

where W gy = diag(w, 1, ... w,) and X gy is same as X o with {6y, t = (r—q+1),...,n}
replaced by 6%,. In the following section, we show that the bootstrapped estimator has

the same asymptotic distribution as that of the actual estimator.

Remark 1. The bandwidth selection for the estimation of tvGARCH (p, ¢) model can be
performed using the the cross validation method of Hart (1994). The detailed procedure
is described in RR for the tvGARCH (1,1) model and can be easily extended to the
tvGARCH (p, q).

2.1 Asymptotics

We denote the convergence in probability to zero and boundedness in probability by op
and Op respectively. Let Pg, Ep,, Vp,, op, and Op, represent the probability, expec-
tation, variance, convergence in probability to zero and boundedness in probability with
respect to the bootstrap distribution conditional on data. Towards deriving the asymp-
totic distributions of the bootstrapped estimators, we first state the following technical
assumptions (A; — Ag)

A;. There exists a § > 0 such that 0 < f}lai(u) + il Bi(u) <1—10, ¥ue(0,1] and

i= j=

sup o (u) < 0.



A,. There exist finite constants My, My and Mj such that V uy, us € (0, 1],

log(u1) — ao(ua)| < Mifuy — us
|ai(ur) — ai(un)| < Maofus —ua|, i=1,2,...,p
1B (u1) — Bj(ug)| < Msluy —us|, 5=1,2,...,4q.

Aj. The functions ag(-), a;(-) and §;(-) (and hence py(+)) have bounded and continuous
derivatives up to order d + 1, in a neighborhood of ug, ug € (0, 1].

Ay. K(u) is a symmetric density function of bounded variation with a compact support.
Ag. The bandwidths hy and hs are such that hy — 0, hy — 0 and nh; — oo, nhy — 00
as n — oo.

Ag. The bootstrap weights {w;} are such that Ep,(w;) =1, 02 = Vp,(w;) = o(n) and
Corrp,(w;,w;) = O(1/n) Vi # j.

It can be proved using similar techniques as in RR and Davis and Mikosch (2009)
that assumption A; is sufficient for the existence of a well defined unique solution to
the variance process in (1). Also, it ensures the tvGARCH (p, ¢) to be a short memory
process. The Lipschitz continuity condition A, on the parameter functions makes the
tvGARCH (p, q) process locally stationary in the sense that it can be approximated by
a stationary GARCH process in the neighborhood of a fixed point. Let {€(ug)}, ug €
(0,1] be a process with E(&(ug)|Fi—1) = 0 and E((ug)|Fi—1) = 62(ug) where Fy_y =
0(€—1,€—2,...). Then {&(up)} is said to follow a stationary GARCH process associated

with (1) at time point wy if it satisfies,

Et(uo) = 0¢(uo)vy, .
7 (u0) = ao(uo) + 3 (o) 4(u0) + 33 B, ()3t (o). ¥

It can be shown that tvGARCH (p, q) process can be locally approximated by (8). The
result is stated in the Proposition 1. Assumptions A3 to A5 are standard assumptions for
deriving the asymptotic distributions of local polynomial estimators and are also assumed
by RR. The assumption Ag on the bootstrap weights are the basic conditions assumed by
Chatterjee and Bose (2005, Conditions BW). These conditions are required to establish
the asymptotic distribution of the bootstrapped estimator and are also assumed by Bose
and Mukherjee (2009) for bootstrapping the estimators of stationary ARCH parameters.
An example of weights satisfying these conditions is weights following a Multinomial

(n;1/n,...,1/n) distribution.



Proposition 1. Let the assumptions Ay and Ay be satisfied. Then the process {€2}
can be approzimated locally by a stationary ergodic process {€(uo)}. That is, there exists
a well defined stationary ergodic process V; independent of ug and a constant () < oo such
that

€2 — €2 (up)| SQ(‘%—U()‘-F%)W a.s. 9)
or equivalently

Etzzgg—l-Op(‘%—Uo‘—l-%).

In the following lemmas, we state the asymptotic distributions of the local polynomial
estimators of the tvARCH (P) and tvGARCH (p, q) processes discussed in the beginning

of Section 2. Before going to the main results, we first introduce some notations.

Notations.
= [JuFK(u)du, vy = [uFK?(u)du, A
Cy = Cyluo) = B (o) &_(uo)), w; = E(@(up)),
S = S(U’O) =L ([17ggfl<u0)7 s 78?7P<u0)]—r[17 gz%fl<u0)> s 76?7P(u0)]) )
Q= Quo) = B (7 (w)[1, & 1 (o). & p(un)] [1,E 1 (o). ... & p(w)]),

_ d T
D;= [ra1,hiTay2, - hiToay] , i=1,2,
e, = a column vector of length m with 1 everywhere,
1 hiTl e hgTd IZ0) hz'Vl C hgl/d
2 d+1 2 d+1
hiTl hz D) R h’z Td+1 hiVl hz 1] e hZ Vga1
A= . . . , Bi=1 . . ,
d d+1 2d d d+1 2d
hita Ry Taer ... hi%Tog hivg hi" vapyr ... hi%sg

S, =F (CBtT$t> Qo =F (5f(u0)wjmt) , where

Ly = [1’ g?—l(uo)’ - 'E?—p(u())a 5’3_1(160), s 75—t2—q(u0)]'
Lemma 1. Suppose that the assumptions Ay to As hold and Elv|® < co. Then
. R+ - d+1
vnh (MtUARCH(UO) — Myarom(to) — me]—,d—l—lAl 1D1M§£1‘3€H(“O)>
2) Np+1 (0, eIdHAlelAfleLdHVar(vf)S*IQS*I)

where [y, spnep (o) and ugﬁj}l{)c}[(uo) denote the local polynomial estimator and derivative

of order (d+1) of py, arcn(uo) = [po(uo), pa(uo), - - ., pip(ug)] .

Remark 2. The moment assumption in the Lemma 1, F|v,|® < oo is slightly strong.
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Since, we are dealing with the squared process €2, we are forced to assume Ev|® < oo to
ensure the existence of asymptotic variances. However, higher moments are not assumed
for the return process ¢, but for ¢;/0;, which may be justifiable as both ¢, and o, are of

the same order in ¢;.

Lemma 2. Let 67 be as defined in (6). Then under the assumptions of Lemma 1,
bias(6}) = E(67 — 07) = Op(h{™) + O(p™)

where 0 < p <1 and P, — o0 as n — 00.

Lemma 2 shows that the choice of P, will contribute towards the bias of the condi-
tional variance in the initial step by a term which decays geometrically. Therefore, this
term will have negligible effect on final estimators as P, — oco. Also, if hy = o(hy), then
the term Op(h{*h) = op(h4™") — 0 as n — oo under assumption As. Thus, the bias in
the first step of estimation of o2 is negligible asymptotically.

Now in the following lemma, we show that for a particular choice of the initial step
bandwidth, h; = o(hs), the effect of the generated regressors in step 1 vanishes. That is,
the local polynomial estimators of the parameter functions of tvGARCH (p, ¢) in step 2

behave in such a way as if Uf_j, 7 =1,2,...,q were known.

Lemma 3. Suppose that the assumptions Ay to As hold and Elv|® < oo. Further,
let the the bandwidth ho in the second step of the local polynomial estimation procedure

be such that hy = o(hs). Then,

A pdt+t — d+1
Vnhs (ﬁthARCH(UO) — Bucaron (o) — @eldﬂAz 1D2ﬁ§ug,4)RCH(UO)>

BNy (0, eIdHAQ_lBgAQ_leLdHVar(vf)52_1925'2_1>

where Brugarcn(to) = [ao(uo), (o), - . . ap(uo), Bi(uo), - - ., By(uo)] -

Thus, if we choose the initial step bandwidth in such a way that h; = o(hsy), then the
bias and variance expressions for the local polynomial estimators are free from the first
step bandwidth. Also, the asymptotic distribution of the parameter functions in step 2
is same as they would have been if af_j, j=1,2,... g were known in (1). This means

that when the optimal bandwidth is used, then the estimation remains unaffected for a



large choice of initial step bandwidth. This makes the estimation procedure relatively
easy to implement. The MSE of the final estimator is Op(h3*™ 4 (nhy)~'), which is
independent of the initial step bandwidth. Notice that this MSE achieves the optimal
rate of convergence at an order of Op(n~(2¢+2)/(24+3)) for an optimal bandwidth hy of
order O(n=Y24+3)) and hy = o(hy).

Evidently, the bias and variance expressions of fi,, 4pcp(to) and Byygapcn(vo) in
Lemmas 1 and 3 depend on the parameters of the unobservable stationary GARCH
process defined in (8). Therefore, these estimators cannot be directly used for the
construction of confidence intervals and testing of hypothesis. To tackle this, we es-
tablish the asymptotic distributions of the bootstrapped estimators defined in Section
2. Let fig(ug) = [fso(uo),. .., fisp(uo)]” and By = [Gpo(un), dpi(uo), .. ., dpp(uo),
Bgl(uo), . ,BBq(uo)]T denote the bootstrapped estimators of the parameter functions
of the tvARCH (P) and tvGARCH (p, q) respectively. In the following theorems, we
establish that the asymptotic distributions of the actual and bootstrapped estimators
coincide. This implies that the properties of the actual local polynomial estimator dis-

cussed above are also true for the bootstrapped estimator.

Theorem 1. Let the assumptions Ay to Ag hold and E|v|® < co. Then,

i/ (o = fryyaron (o) 2 Npi (07 e1T,d+1Al_lBlAflel,dJrlvar(U?)S_lﬂs_l) :

Theorem 2. Let the assumptions of Lemma 3 hold along with Ag. Then,
Ouom/1hs (B — Brgancn (o)) = Nprq (0,€] 4145 Bo Ay €1 g1 Var(v}) S5 2,85) .

Comparing the results in Lemma 1 and Theorem 1 and Lemma 3 and Theorem 2, we
can see that the asymptotic distributions of o, 1v/nhy (fi5 — typarcn (o)) and

Vb (Barcn — Broarcn(Uo)) as well as those of oy, v/nhy (BB - ﬁmGARCH(UO)) and
Vnhy (Bth’ARCH(uO) - BthARCH(uo)) are the same. This implies that the bootstrapped

estimator would provide a good approximation to the distribution of the actual tvGARCH
estimators. Thus, with the help of repeated bootstrapped iterations, we can obtain the
approximate empirical biases and variances of the actual estimators. We use these to
construct the confidence bands and the test statistics for testing the constancy of the

parameter functions.
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3 Confidence bands and testing of hypothesis

It is of interest to test whether all or some of the coefficients of the tvGARCH (p,q)
model are constant (possibly equal to zero) or whether they are really time varying. For
instance, if Hy : f;(u) = 0V j is not rejected, a tvARCH model is more appropriate.
For this purpose, we establish the asymptotic distribution of the supremum of the esti-
mates of parameter functions of the tvARCH and tvGARCH models in Theorems 3 and
4 respectively. These results are also helpful in constructing the confidence bands for the

parameter functions of the tvGARCH model.

Theorem 3. Suppose that the conditions of Lemma 1 are satisfied and hy = n=" for

some 0 < by < 1/2. Then

P {(—2 log hy)'/? {sup

(Var G ()™ Gie () = () = biasie(w)| = du f < 2|

— exp{—2exp(—2)}

where

N 1 _ - _ _

Var(f(u)) = nihlelT’d“Al 'B1A e g Var(v))e, p SIS ey poa,
hitt o 1y (d+1)
bias(fi(u)) = mel,d—HA; Dypye " (uo)
and
d, = (—2log hy)Y? + ! ( ! /(K’(t))%lt)
" ! (—2log hy)V/? \dvym '

Let Bo;(u) denote the i element of B, carcn (1) = [ao(w), ar(u), ..., ay(u), Bi(w), ..., B, (uw)]".

Theorem 4. Suppose that the conditions of Lemma 3 are satisfied and hy = n~" for

some 0 < b < 1/2. Then

~

P|(~210gh) ™2 {sup | (Var(Bas(w)) ™" (Bai(w) = () — bias(Bu(w)) |~ du | < 2]

— exp{—2exp(—2)}
where
VC”’(B%(U)) = (1/”h2)€1T,d+1A2_lB2Az_lel,d+1V@T(U?)eiT,erqﬂ52_19252_1€i,p+q+17
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' N hd-i—l B
bias(fai(u)) = ﬁeid+lA2 1D25§?+1)(u0)

and d, is same as that in Theorem 3 with hy replaced by hs.

Notice that the asymptotic distributions of the supremums in Theorems 3 and 4 are
similar in spirit to that in the varying coefficient models of Fan and Zhang (2000). How-
ever, the tvGARCH model (1) is different from the usual varying coefficient models due to
its heteroscedasticity and non-stationary behavior. Also, we adopt a two-step estimation
procedure here.

From Theorem 4, we can get (1 — a)) confidence band for each parameter function of

the tvGARCH model (1) as
Boi(u) — bias(Bai(1)) — 2, Bai(u) — bias(Bai(w)) + za, (10)

where
2o = |dy, + {log 2 — log(—log(1 — a)}(—21log h)*|{V ar(Ba:(u))} /2.

Here, bias(fs(u)) and Var(fB(u)) are not known in practice. However, we can replace
them with the bias and variance of the bootstrapped estimator using Theorem 2.

In order to test the hypothesis that a particular coefficient function is equal to a given
constant ¢, that is, Hy : f;(u) = ¢ V u € (0,1], a natural test procedure would be to
check whether the f5;(+) falls in the confidence band (10) or not. The test statistics that

can be used for such a testing problem is

(21og )/ [sup {|(Var(Bas(w)) " (Butw) — ¢ — bias(Bu(u)) |} = du] . (1)
We reject the null hypothesis when the test statistics exceeds the asymptotic critical value
—log(—0.51og(1 — «)). If ¢ is unknown and the interest is to test the constancy of the
parameter function, then it can be estimated under the null hypothesis. First exploit
the fact that B9;(u) is a constant and estimate the same using two-step local polynomial
procedure with d = 0. Then, obtain an estimate of ¢ by averaging over all ¢,

Sal)

t=1

.1
c=—
n

Substitute this estimator of ¢ in (11) and reject the null hypothesis for large values of the

test statistics.



Remark 3. Under the conditions of Lemma 3, the bias of the estimator ¢ is Op(h3™)
and

n

Var(é) = %MV(IT(UQ)% > ezp+q+1551(ut)QQ(ut)Sg(ut)*le@ijqH + o(h3).

t
]

Notice that the covariance term is of order h3%™2.

It may be noted that similar confidence bands and test statistic can be obtained for

the parameter functions in a tvARCH model using Theorem 3.

4 Simulation study

We carried out a simulation study to judge the empirical performance of the bootstrapped
estimator of the parameter functions of tvGARCH model suggested in Section 2. For
computational simplicity, we used the tvGARCH (1,1) model in our simulations. A
sample of size n = 500 was generated from the following model

€t = Oy,

o?=ag (L) +ar (L) &, +B(L)o?,, t=1,2...,500, (12)
where ag(u) = 2u(l — u?) + 0.1, ay(u) = 0.2cos(27u) + 0.25 and B(u) = 2u(l — u) +
0.2u®, 0 < u < 1. The parameter functions are chosen in such a way that they satisfy
the assumptions A; to As. The local polynomial estimation of the parameter functions
is carried out using the Epanechnikov kernel. The value of P in the first step of the
estimation is taken as logn. Bandwidth is selected using the cross validation method (as
described in RR).

We consider the bootstrap weights to have a multinomial (n,1/n,...,1/n) distribu-
tion with n = 500. The bootstrapped estimator of the parameter functions was obtained
based on 1000 bootstrap samples. Figure 1 compares the bootstrapped estimator (blue
curve) with the actual estimator (black curve). The red curve in the plot represents the
actual function. Notice that both the estimators of «g(-) are almost similar. However,
the performance of the actual estimator is not as good as the bootstrapped one for the
functions oy () and 5(-). Especially at the boundaries, the actual estimator is overesti-
mating while the bootstrapped estimator performs well. Notice that the performance of
the estimator at the boundaries of the data is important from the forecasting point of

view.
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To compare the asymptotic properties of the bootstrapped estimator with those of
the actual estimator, 1000 samples were generated, each of size 500 from (12). The lo-
cal polynomial estimators of all the parameter functions are computed for each of these
1000 datasets and point wise means and variances of the estimators are obtained empir-
ically from these samples of size 1000 each. We present the density of the standardized
estimator (blue curve) at three different points (¢ = 1,250,500) in Figure 2. The red
curve in the figure represents the standard normal density. Similarly, the density of the
standardized bootstrapped estimators are plotted along with standard normal density
in Figure 3 at the three points. It is clear from the plots that the distribution of the
bootstrapped estimator is closer to normal than that of the actual estimator. Specially,
at the boundaries (¢t = 1,500), the performance of the actual estimator is not good and it
seems to get overestimated for some samples. Notice that a similar phenomenon is also
seen in Figure 1. We also compared the densities of the two estimators at several other
randomly selected time points and the second order performance of the estimators was

found to be more or less similar to that at point ¢ = 250 in Figures 2 and 3.

The 95% confidence bands of the parameter functions based on the methodology
described in Section 3 are depicted in Figure 4. We computed the bias and variance of

the estimator based on 1000 bootstrap samples.

To examine the empirical performance of the test suggested in Section 3, we gener-
ated samples of sizes 500 and 300 from the model (12) with constant parameter functions
ap(u) = 0.5, ag(u) = 0.2 and f(u) = 0.3 V u. The test for the constancy of the parameters
based on the bootstrapped estimator and test statistics (11) as described in Section 3 is
carried out. The empirical probabilities of false rejection based on 1000 samples are given
in Table 1 for different nominal levels. Notice that the empirical probabilities are quite
close to the nominal levels even for a moderate sample size of 300. However, performance
of the test is better in the case of n = 500 than in n = 300. This is quite natural as our

results hold asymptotically.
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Appendix: Outline of proofs

Proof of Proposition 1. The tvGARCH (p, ¢) model can also be written as a tvARCH
(00) as represented in (4). Under assumption A,, the parameter functions of the tv-
GARCH (p, q) model and hence pux(+), k = 1,2, ... which are simple functions of ag(-), a;(+),
i=1,2,...,pand 5;(-),7 = 1,2,...,q are Lipschitz continuous. Therefore, the proposi-
tion follows in the same way as Theorem 1 of Dahlhaus and Rao (2006) who prove the

local stationarity of a tvARCH (o0) process.

To prove Lemma 1, we first state the following auxiliary lemmas which are proved in
RR (Lemmas A.2 and A.4). These lemmas are stated for a general bandwidth A so that
they can be used for both h; and hs.

Lemma A.1. Let the assumptions Ay to As be satisfied. Then

. L . _ P .
(4) k_%;ﬂ ﬁ(uk —u)' K (Lhw)) Ezl—jleszQ — thiE(Ezl—jl (UO)E%TjQ(UO))a

V l7m S {0)172} G/fldjl,jg S {1727"'7P}7 jl 7&]2
(17) k:%:ﬂ L (ug, — o) K* (”’“7;"0) oren e
= hiv;E(G (uo) L, (uo)éE™, (uo)),
YV I,me€{0,1} and ji, j» € {1,2,..., P},

where (i1) is true for [,m > 0 only if E|v]® < oo.

Lemma A.2. Suppose the assumptions Ay to As are satisfied. In addition assume

that E|v|® < co. Then

Var (k»;ﬂ(uk — ) Kp(up — up)(vi — 1)op[l, x_q, .- ,ei_P]T>
= nh¥ 1y Var(w})Q(1 +op(1)), i=1,2,....d.

Proof of Lemma 1. To prove the lemma, we first obtain expressions for the asymptotic
bias and variance of the first step estimator. Let us denote

B = [H00s 01, -« - 5 40ds - - - 5 PO, - - - 5 fbpd] T, Where pi;; = uz(j)(-)/j! and ,ugj)(-) denotes the

4" derivative of p;(+). Using Taylor’s series expansion, we can write,

(@) @ 1T
Y =X, uo(u(]),u(gl)(uo), e HOT(!O),M(UO), NG upd(! o)
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d+1
] T )(CD(PH Y(upi1 — ug)?t?
n .
d1 1) 1
1857 (Cogmy) (i, — )™
d+1
P M§~ )(CJ(PH))(UPH - UO)dHE%DH —j
- : +o?x (V2 —e,_
" (d+1)! Jz=:1 ' (d+1) d+1 .2 | &
g (Ciny) (Un — uo) e
where 0% = [05,,,0%.9,...,02]", v* = [V}, |, VP, 0, ..., 0v2]", x denotes the component
wise product of vectors and (;, j =0,1,..., P, k= P+1,...,n are between w;, and uy.

Multiplying both sides by (X W1X,) ' X W,

A

1 T 1T
Bi(uo) = By(ug) + (d+1 )(X Wi X)X W

d
s (Copy) (wpsr — )1 P
x | ) S(X{TWL X)X W
d+1 j=1
16" (Cogmy) (1t — )™+ ’
d+
Mg (Cj(P+1))(UP+1 —uo)™eb,
x| + (X[ W X)) ' X[ Wi (6? % (v2 —e,_p)).
d+1
B (Gt — )1

(13)
Now it is not difficult to show using Lemma A.1 (i) that

(d+1)

o (Coprny) (upg1 — ug)

X/ w,
d+1
:u(() " )(CO(n))(un - UO)dJrl

= nh ™ (uo)[1, epws] (1 + 0p(1)) ® Dy,
d+1
M§ ’ )(Cj(PJrl))(UPH - uo)d+1€%+1 j
X /W,
d+1
D (o) (i — ug) 2

= bl (o) wa, Gy, ..., C_p] T(1 4+ 0p(1)) ® Dy,

and,

(X W1 X)) = (1/n)S7 (1 +0p(1)) @ AT .
Hence, the asymptotic bias is given as,

E(B1(U0) B4 (uo))

hd+1

= i (™ (uo) (87" @ ATH[(1, waef) T ® Dy)
P

) 1 (o) (871 @ AT ([wa, s Cip] T @ D)) + 0p(h§TL).
]:
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Notice that Cy = wy. Now

E(By(u) - )
<d+1 <s @ A7) (6™ (wo) 1, woe )T

e o Crl) & D1) o)

<d+1 G571 @ ATY) (S (o), 1" (o). 1S (o) T @ D)

op(f™)
hd+1 da1 di1 gl B
= it (6™ (o), 1 (o) i (o)) @ AT D) + op (R

Notice that Bias (j1;(uo))= ejT(d+1)+1,(P+1)(d+1) Bias (3,(uo)). Hence the bias expression
is obtained.

Now the asymptotic variance is

Va?"(ﬁl(u()))

= (1/n)(S7 (1+op(l)® A )VaT(X Wi(o? « (v’ — enp)))
x (1/n)(8° (1+0P(1)) )

= (1/n)(S7 (1 +0p(1)) ® )((n/hl)Var(vt)Q(l+0P(1))®Bl)
x (1/n)(S7(1 + op(1 ))®A Y.

using Lemma A.2. The desired expression for the variance can be obtained after some
simplification using the properties of Kronecker product. The asymptotic normality fol-

lows using the Martingale central limit theorem.

Proof of Lemma 2. It is clear from Lemma 1 that the bias of fix(ug) is Op(h$T).
Also, the parameter functions p(-) are geometrically decaying. Hence using the expres-

sions (4) and (6), the lemma follows.
To prove Lemma 3, we state the following lemma which is similar to Lemma A.2.

Lemma A.3. Under the same assumptions as in Lemma 3,

Var ( Z (uk - u0>iKh2 (uk - UO)(UI% - 1>O-l%[17 Ei,l, .- Ek po-lz 19+ 76-13(1])

k=p+1 )
= nh3 vy Var(v2)Qy(1 +op(1)), i=1,2,...,d.

Proof of Lemma 3. Denote

,82 = (Oéoo, a1, .- -, Qody X105 - - -5 A1dy Opoy -+« Opd, 510, NN ,Bld,ﬁqo, c aﬂqd); where apo,y - - - ,Bqd

are constants. Using Taylor’s series expansion in (7),

d
( 1) (50 r+1)(ur+1 - uo)dJrl

~

Ba(uo) = By(uo) + (X, WoX,) ' X, W,

1
(d+1)!
al™ (o) (tn — ug)d+?
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(d+1) d+1,2

1 P Q; (gi,r-&-l)(ur—l—l - U()) ET—i-l—i
+ (d + 1), (X;WZXQ)_IXQTWQ Z
=1 a§d+1) (gl,n)(un . Uo)dﬂﬁi_i
1 q BJ(‘dH)(gj,rH))(Urﬂ - Uo)dﬂ&fﬂ_j
+ (d + 1), <X2TW2X2)_1X2TW2 Z

HL BV () (g — wo) 62

+op(hE™) 4+ (X3 W1 X5) 1 X, Wy(os + (v3 — enr)),

where &4, & and &, are between w; and ug. Here v3 = [vZ,,...,v2]" and o} =
[02,1....,02]". Notice that the bias of 67, in (7) is op(h§™") using Lemma 2 and the

assumption h; = o(hs). We ignore the term O(pP") as it is negligible asymptotically. In
a similar way as in the proof of Lemma 1, it can be seen that

(d+1)

o0 (§O7r+1)(ur+1 - UO)dH

X, W,

™™ (€0.n) (un — 1g) 4!

= nh® 1™ (uo) Elz:] T (1 + 0p(1)) ® Ds,

(d+1) d+1 .2

Q; (5i,r+1))(ur+1 - UO) Crt1—i
X, W,
A& ) ( — ug) 1 E2
= nhg ™ol (ug) E[&2_a,])T(1 + 0p(1)) ® Dy,
d N
BE i) (trsr — o) 162,
X, Wy | :
d+1 N
B (& ) (1 — )52
= nh$H B (o) E[67_ 2] T(1 + 0p(1)) @ Dy
and
(X3 W1Xo)™t = (1/n)S; (1 +0p(1)) @ Ay
Therefore,
Bias(8,(uo))
hg“ 1

= (82" (1 +0p(1) @ Az") ((a6™" (uo) El]”

p q
+ 3 o () B )T+ L 5§d+”<uo>[5f_jwtﬂ) (1+o0p(1) ® A21D2> +op(h§™)
1= 1=

_

= 20851 ® A7) ((Salaf™ (o), of™™ (up), . .., 0l (ug), B (wo), ..., BT+ (u0)] ") ® Dy)
=+ OP(th)

d+1
h2

amlad™ (o), ol (wo), . al (ug), BV (up), -, B (uo)] T ® Ay Dy + op(hgHY).
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The bias expressions can be obtained by using

Bias(&o(uq)) = €1T,(p+q+1)(d+1)Bias(ﬁz(ut)))a BiaS(A@i(UO)) = e;d+1)+1,(p+q+1)(d+1)Bias(ﬁz(uo))
and Bias(3;(10)) = €(i1 jya11)41,(p41)(a+1)Bias(B2(uo))-

Now using Lemma A.3

Var(By(uo)) = (1/n)S, (1 + 0p(1)) ® Ay Var(X; Wa(o3 « (v — enr)))
X (1/n)S5 (1 + 0p(1) ® Ay
= 3 Var)(S;' @ A;)(Q @ By)(S;" @ Ay')(1 + 0p(1)),

The variance expression given in Lemma 3 can be arrived at after some simplification.

The asymptotic normality follows using the martingale central limit theorem.

To prove Theorems 1 and 2, we state the following lemma, which can be proved using

(9) in a similar way as Lemma A.1.

Lemma A.4. Suppose that the assumptions Ay to Ay and Ag hold. Let h denote a

bandwidth such that h — 0 and nh — oo as n — oo. Then

n
2 e —wo) K (25 ) w6, B HREEL, (w0)E, (wo)),

Vl,m€{0,1,2} and ¥ j1,J2, j1 # jo, 1 =0,1,2...,2d.

Proof of Theorem 1. Let

-
€1 (P+1)(d+1)
L

€(d+1)+1,(P+1)(d+1)
€pt1 = | .

-
€P(d+1)+1,(P+1)(d+1) (P+1)x (P+1)(d+1)

Then

nhy (g — Pparcn(to)) . .
= €P+1U;$v nhy (X, W31W1X1)_1X1 WpiW (Y, — X18p(u)),

where B (o) = [po(uo), s (o), ., 516" (wo), ..., hpis (ug)]". Now, using Lemma

A .4, it can be shown that

U —

ha

1
X[ W WX = S K (

) Wi ZyZ] =8 ® Ay (1+ opy(1).
nh1 k=P+1

Using the Taylor’s series expansion of order d + 1 for each parameter function in (5), we

can write

\/MX W Wi (Y1 — X118z (uo))

= oVl Y K () w0, Z o2 (0 — 1) + o/l O, (R,
k=P+1 """
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where the second term in the above expression is due to the remainder in the Taylor’s
series expansion. It can be shown in a similar way as Lemma A.2 that the bootstrap

variance of each element of the first term goes to zero. Therefore

Tom\/ 11 /nX{ Wi W1 (Y1 — X18p,(u)) = 0p, (1) + 0phy/nh1Op, (h$).

Notice that under the assumption Ag, 02 = o(n). Therefore

Uz;rlz\/”TLl( — Bwarcn(W)) oA/nhiOpy () + op, (1),

Now,

Tom V1001 (frp — ﬂwARCH(UO))
= OV 1h1 (g — By arcw (o)) — U;}Lv nhy (B arcm (Uo) — Beparcm (o))
=0, nhl(OPB(hd“) Op(h{™)) + 0p, (1),

using Lemma 1. Rest of the theorem can be easily proved.

Proof of Theorem 2. Let y, = [1,¢2 |,...,¢? p]". Then we can write as n — oo

pgH! i@ !
UBt NByt <NthRCH + ﬁeIcHlAl 1D1N’EvAR)CH(u0> Yy-

Since the parameter functions py(+) are geometrically decaying, we can write using (4),
for some 0 < p < 1,

6% — o7 = Op, (h{T") + Op(p™).

Using this and Lemma A.4, it can be shown that
1
5X£2WB2W2XB2 =8,® Ay (1 +o0p,(1)).

Let By (ug) = [ao(uo), oz(()l)(uo), . ;, oc(()d)(uo), ap(ug), ..., iﬁéd) (uo)]". Then using Taylor
series expansion of all the parameter functions in (7), we can write

Tomr/h2/nX W 5 W (Y2 — X pafBps(uo))

= oVl > LK () w0, Z Lod (02— 1) + 0k VihaOp, (hET)

k=P+1
q
= 3 85 (£) (O, (h*1) + Op(p™))
7j=1
where Zpy, = [Uk, 6;_\Ug, ..., € Uk, 684 Uk, ..., 0%, Ui ". Here the first term can

be shown to converge to zero in probability, second term is due to the remainder term in
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Taylor series expansion and the third term is due to the bias of initial estimation of 2.
If the initial step bandwidth is chosen in such a way that h; = o(hs), then the last term

can be ignored and

h2/nX;2WBQW2(Y2 XBQ,BBQ ’LLO \/nthpB hd+1 +OPB( )

The rest of the theorem can be proved in a similar way as in Theorem 1.

Proof of Theorem 3. Denote 02 = [0%,,...,02] and similarly v* = [v}4,...,v2].

’n

Notice that

(i (w) — pr(w) = bias(fu(u)) = €farny i penyary (X1 WiX1) ' X Wio?  (v* — 1),

where * denotes the element-wise product of vectors. It can be shown that

1
ﬁxjwlxl L SswA.

Therefore,
(X W, X)' X W,a?(v? - 1)
= (Un)(S™ (1 +0p(1) @ ATY) > @ UioR(o? — 1)E(us — ).
1=FP+

where y; = [1,e2 ,,...,¢2 p]". Using (9) and ignoring the terms of order (1/n?), we can
write
(I/n) >y, @Uiof (v = DEu(ui —uo) = (1/n) 5> 9, @ Ui67 (07 — 1) Kn(ui — uo)
i=P+1 i=P+1
+(1/n) % Op (|2 —uo| +2) (@2 = 1) Kn(u: — uo).
i=Pt1
Here gy, = [1,é2,,...,¢2 p]". We drop (up) from the notations of stationary pro-

cesses for simplicity. The second term converges to zero in probability. Now, sup-

pose that F, 2 .(v?, z) denotes the empirical distribution function of {€?/67, z,} where

zi=[e2 ,,...€2 p|". Let F(v?, 2) denote the joint distribution function of {vZ, 2;} where
Z, = [2,,&,, ...,& ). Then using (9), it can be easily shown that F , (02 z) 5

F(v? 2z). We can write

X T Wi (0? — 1) / GO UG (02— 1)Kp(u — u0)dFp 2 - (0%, Z)du.

v2.zZu

Let Z, = \/n(F, .2, (v*, z) — F(v? Z)) denote the empirical process of {vf, Z;}. Then,

n X Wio?(v? —1) = (n%?) / g QUG (v — 1)Ky (u — ug)dZ,(v?, Z)du.

v2,z,u
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Here, the remaining term vanishes as E(v? — 1) = 0. Let B(v?, 2) denote the Brownian

bridge based on the uniform measure on [0, 1]7*!. Then,

n X Wio?(v? —1) = (n%?) / g QUG (v — 1) Kj(u — ug)dB(v?, Z2)du + nn,

v2,zu

where

e = (=32 / § ®Us"(v* — 1)Ky (u — ug) [dZ,(v, %) — dB(*, 2)| du.

v2,z.u

Therefore,
(X{ Wi X1) ' X[ WiaP(v® - 1) = (n?)(S7 (1 + 0p(1)) @ A7)

x / G @ UG (0* — 1) EKn(u — uo)dB(W?, Z)du + n~ (S~ (1 + op(1)) ® AT V).
Now, using a similar arguments as in Lemma 3 of Gruet (1996), it can be shown that the

second term is negligible in the above expression. Considering (k(d + 1) + 1) element

of this vector, we have
eg(d+1)+1,(P+1)(d+1)(X1TW1X1)71X1TW10'2 * (v? —1)
=072 [ (efp ST 1+ 0p(1)8) (€] 411 AT'U) 62 (v* = 1) K (u — ug)dB(v?, Z)du °

v2.zu
Rest of the theorem can be argued in a similar way as in Gruet (1996, Lemma 3), Hardle
(1989) and Bickel and Rosenblatt (1973) using some algebraic adjustments and the fact
that

. 1 _ _ _ _
Var(j(u)) = nihlelT’dHAl 1BlAl leldeVar(vf)ekT’PHS lagS 1ek,p+1.

Proof of Theorem 4. This proof can be formulated in a similar way as in Theorem
3. The bias in the estimation of o7 in the first step is negligible under the assumption

hy = o(hsg). Details are omitted.
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Table 1. Empirical probabilities of false rejection

n = 500
0.05

n = 300
0.05

Confidence level 0.01 0.1 0.01 0.1

Hy:ap(-)=c 0.009 0.064 0.120 0.006 0.076 0.156
Hy:a()=c 0.007 0.061 0.114 0.012 0.036 0.051
Hy:B(-)=c 0.003 0.056 0.105 0.002 0.052 0.114
B T T T T T T T T T T T T
0 100 200 300 400 500 0 100 200 300 400 500
omega alpha
T T T T T T
0 100 200 300 400 500
beta

Figure 1. Plot of bootstrapped (blue) and actual (black) estimators along with the

parametric function (red)
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Figure 2. Densities of the actual estimator (blue) at various time points along with the
standard normal density (red)
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Figure 3. Densities of the bootstrapped estimator (blue) at various time points along
with the standard normal density (red)
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Figure 4. 95% confidence bands for the parameter functions
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